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CONJUGATION OF SEMISIMPLE SUBGROUPS
OVER REAL NUMBER FIELDS OF BOUNDED DEGREE
MIKHAIL BOROVOI, CHRISTOPHER DAW, AND JINBO REN
Abstract. Let G be a linear algebraic group over a field k of character-
istic 0. We show that any two connected semisimple k-subgroups of G
that are conjugate over an algebraic closure of k are actually conjugate
over a finite field extension of k of degree bounded independently of the
subgroups. Moreover, if k is a real number field, we show that any two
connected semisimple k-subgroups of G that are conjugate over the field
of real numbers R are actually conjugate over a finite real extension of
k of degree bounded independently of the subgroups.
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0. Introduction
In this article, by a semisimple algebraic group we always mean a con-
nected semisimple group.
Let k be a field and let G be a linear algebraic group over k. Let H
and H ′ be two algebraic k-subgroups of G. Let K/k be a field extension.
We write HK = H ×k K and H
′
K = H
′ ×k K. We say that H and H
′ are
conjugate over K if there exists an element g ∈ G(K) such that
H ′K = g ·HK · g
−1.
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We start with the following finiteness results for the set of conjugacy
classes of semisimple subgroups:
Proposition 0.1. Let G be a linear algebraic group over an algebraically
closed field k of characteristic 0. Then the set C(G) of G(k)-conjugacy
classes of semisimple k-subgroups of G is finite.
Corollary 0.2. Let k be a field of characteristic 0 of type (F) in the sense
of Serre [Se-GC], III.4.2, for example, the field of real numbers R or a p-
adic field (a finite extension of the field of p-adic numbers Qp). Let G be a
linear algebraic group over k. Then the set C(G) of G(k)-conjugacy classes
of semisimple k-subgroups of G is finite.
Proposition 0.1 and Corollary 0.2 will be proved in Section 1.
Our main results are Theorems 0.3 and 0.5 below.
Theorem 0.3. Let k be a field of characteristic 0 and let k¯ be a fixed al-
gebraic closure of k. Let G be a linear algebraic group over k. There exists
a natural number d depending only on Gk¯ with the following property: if H
and H ′ are two semisimple k-subgroups of G that are conjugate over k¯, then
they are conjugate over a finite extension K/k of degree [K : k] ≤ d.
In Section 2, we shall deduce Theorem 0.3 from Proposition 0.1 and the
following theorem:
Theorem 0.4. Let k be a field of characteristic 0 and let k¯ be a fixed alge-
braic closure of k. Let N be a linear algebraic group over k. Then there exists
a natural number d = d(Nk¯) such that any cohomology class ξ ∈ H
1(k,N)
can be killed by a finite field extension of degree at most d (that is, there
exists a field extension K = K(N, ξ) of k of degree [K : k] ≤ d such that the
image of ξ in H1(K,N) is 1).
We shall prove Theorem 0.3 in Section 2 by applying Theorem 0.4 to the
normalizer N = NG(H) of H in G. For a proof of Theorem 0.4, see Section
4.
We need a version of Theorem 0.3 for real number fields. A real number
field is a finite extension k of Q contained in the field of real numbers R, or,
in other words, a finite extension k of Q equipped with an embedding into
R.
Theorem 0.5. Let G be a linear algebraic group over a real number field
k ⊂ R. There exists a natural number dR depending only on GC with the
following property: if H and H ′ are two semisimple k-subgroups of G that
are conjugate over R, then they are conjugate over some finite real extension
K/k, k ⊂ K ⊂ R, of degree [K : k] ≤ dR.
In Section 2, we shall deduce Theorem 0.5 from Corollary 0.2 and the
following theorem:
Theorem 0.6. Let k ⊂ R be a real number field. Let N be a linear algebraic
group over k. Then there exists a natural number dR = dR(NC) such that
any cohomology class ξ ∈ H1(k,N) becoming 1 over R can be killed by a
finite real extension of degree at most dR.
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We shall prove Theorem 0.6 in Section 6. This is the most complicated
proof of the present article. The current proof, proposed by an anonymous
referee, uses a result of G. Lucchini Arteche [LA15] (see Proposition 4.4)
and real approximation for homogeneous spaces with cyclic finite stabilizers
(see Theorem 5.1). Theorem 0.6 can be also proved without using the cited
result of Lucchini-Arteche (see version 1 of [BDR18]).
0.7. Now let k be a real number field and let G be a linear algebraic group
over k. Consider the set C(GR) of G(R)-conjugacy classes of semisimple R-
subgroups of G; by Corollary 0.2, this set is finite. Let C0 ⊂ C(GR) denote
the set of those c ∈ C(GR) for which there exists a semisimple subgroup in c
defined over k. For each c ∈ C0 , let us choose such a semisimple k-subgroup
Hc ⊂ G in c. We obtain a finite set of subgroups Ω = {Hc | c ∈ C0} with
the following property: any semisimple k-subgroup of G is conjugate over R
to some Hc ∈ Ω. The next corollary follows immediately from Theorem 0.5.
Corollary 0.8. Let k be a real number field and let G be a linear algebraic
group over k. Let Ω = {Hc | c ∈ C0} be a finite set of semisimple k-subgroups
of G as above. Then there exists a natural number d = d(GC) such that any
semisimple k-subgroup H ⊂ G is conjugate to some Hc (c ∈ C0) over a finite
real extension K/k, k ⊂ K ⊂ R, of degree [K : k] ≤ d.
Motivation. This article was motivated by earlier work of Daw and Ren on
the Zilber–Pink conjecture for Shimura varieties. The relevance of Corollary
0.8 is explained in Section 12 of their article [DR18].
Notation. Let k be a field of characteristic 0. In this article, by a k-variety we
mean a separated scheme of finite type over k, not necessarily irreducible.
By an algebraic group over k, or, shorter, a k-group, we always mean a
linear algebraic group over k, that is, an affine group scheme of finite type
over k, not necessarily connected. If G is a k-group, we write G0 for the
identity component of G. If, moreover, G is connected, we denote by Ru(G)
the unipotent radical of G. By a k-subgroup of G we mean an algebraic
k-subgroup of G.
Acknowledgements. Jinbo Ren would like to thank his supervisor Emmanuel
Ullmo for regular discussions and constant support during the preparation
of this article and he would like to thank Yongqi Liang for several useful dis-
cussions. The authors are grateful to Friedrich Knop for his MathOverflow
answer [Kn16] to Jinbo Ren’s question, to Sean Lawton for the reference
to Richardson’s article [Ri67], and to Giancarlo Lucchini Arteche for useful
comments. We thank the anonymous referees for their helpful comments.
We especially thank one of the referees for his/her suggestion to use a re-
sult of Lucchini Arteche and a result on real approximation for homogeneous
spaces with cyclic finite stabilizers, which permitted us to shorten the proofs
significantly.
1. Conjugation over an algebraically closed field
and over a field of type (F)
1.1. Proof of Proposition 0.1. Write g = LieG; the group G(k) acts on g via
the adjoint representation. Let h ⊂ g be a Lie subalgebra; h acts on itself, on
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g, and on the quotient space g/h, so we may consider the cohomology space
H1(h, g/h). By Richardson [Ri67], Corollary (b) in the introduction, there
exist only finitely many G(k)-conjugacy classes of Lie subalgebras h ⊂ g
such that H1(h, g/h) = 0.
If h is semisimple, then for any h-module M we have H1(h,M) = 0
(see Chevalley and Eilenberg [CE48], Theorem 25.1). In particular, we have
H1(h, g/h) = 0. It follows that there exist only finitely many G(k)-conjugacy
classes of semisimple Lie subalgebras of g.
Now let H1 and H2 be two semisimple subgroups of G. Let h1 and h2
denote their respective Lie algebras. Assume that h1 and h2 are conjugate
under G(k), that is, there exists g ∈ G(k) such that Ad(g)(h1) = h2. Since
char(k) = 0, a connected algebraic subgroup H ⊂ G is uniquely determined
by its Lie algebra LieH ⊂ g (see Humphreys [Hu75], Section 13.1). It
follows that gH1g
−1 = H2. We see that if LieH1 and LieH2 are conjugate,
then H1 and H2 are conjugate. We conclude that there are only finitely
many conjugacy classes of semisimple subgroups of G, which proves the
proposition. 
Remark 1.2. The properties ‘connected’ and ‘semisimple’ required of the
subgroups in Proposition 0.1 are necessary. Indeed, let G be the two-
dimensional torus G2m,k , where Gm,k denotes the multiplicative group over k.
Then clearly G has infinitely many different k-subgroups, and even infinitely
many different connected k-subgroups, and, clearly, they are not conjugate
in G. Moreover, let n ∈ Z>0. Set
Sn = {(x1, x2) ∈ G
2
m,k | x2 = x
n
1}, Hn = G
2
a,k ⋊ Sn ⊂ G
2
a,k ⋊G
2
m,k ,
where Ga,k denotes the additive group over k, on which Gm,k naturally acts.
We embed
Hn ⊂ G
2
a,k ⋊G
2
m,k →֒ GL4,k →֒ SL5,k .
One can easily check that the connected solvable algebraic groups Hn are
pairwise non-isomorphic, and therefore, they are not conjugate in the simple
group SL5,k.
1.3. Let k be a field of characteristic 0 and let k¯ be a fixed algebraic closure
of k. Let G be a linear algebraic group over k. Let C be a conjugacy class
of connected k¯-subgroups H
′
of Gk¯ that contains a subgroup Hk¯ = H ×k k¯
defined over k. Then C is the set of k¯-points of a k-variety V on which G
acts transitively by
g ∗H
′
= g ·H
′
· g−1.
The stabilizer of the k-point H of this variety is N = NG(H). Therefore,
we may identify V with G/N . We identify the set of k-subgroups H ′ ⊂ G
that are conjugate to H over k¯ with (G/N)(k), and we identify the set of
G(k)-conjugacy classes of such k-subgroups with the set of orbits of G(k) in
(G/N)(k).
1.4. Proof of Corollary 0.2. Let k be a field of characteristic 0 of type
(F) in the sense of Serre. By Serre [Se-GC], III.4.4, Theorem 5, the set of
orbits of G(k) in (G/N)(k) in Subsection 1.3 is finite. Therefore, the set of
G(k)-conjugacy classes of connected k-subgroups in a G(k¯)-conjugacy class
is finite.
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Let Ck denote the set of G(k)-conjugacy classes of connected algebraic
k-subgroups, and let Ck¯ denote the corresponding set for k¯. Then we have
a canonical map
Ck → Ck¯.
As explained above, since k is of type (F), all fibers of this map are finite. By
Proposition 0.1, the set of G(k¯)-conjugacy classes of connected semisimple
k¯-subgroups is finite, and the corollary follows. 
2. Reductions
2.1. We show that, in order to prove Theorem 0.3, it suffices to prove The-
orem 0.4. Indeed, by Proposition 0.1, the set C of conjugacy classes of
semisimple subgroups of Gk¯ is finite. Therefore, it suffices to show that, if
H,H ′ ⊂ G are two such k-subgroups in a given G(k¯)-conjugacy class c ∈ C,
then they are conjugate over a finite extension K of k of degree at most dc ,
where dc depends only on Gk¯ and c.
Set
Y = {g ∈ G(k¯) | gHg−1 = H ′}
and write N = NG(H). Since H and H
′ are connected and char(k) = 0, by
Humphreys [Hu75], Theorem 13.1, we have
Y = {g ∈ G(k¯) | Ad(g)(LieH) = LieH ′},
and hence, the variety Y is defined over k. The k-group N acts on the right
on Y by
g 7→ gn (g ∈ G(k¯), n ∈ N(k¯)).
This action is simply transitive (over k¯). Hence, Y is a principal homo-
geneous space (torsor) of N , and so we obtain a cohomology class ξ =
ξ(H,H ′) ∈ H1(k,N). The two subgroups H and H ′ are conjugate over a
field extension K of k if and only if Y has a K-point, hence, if and only if the
extension K/k kills ξ. Since, by Theorem 0.4, the class ξ can be killed by a
finite field extension K/k of degree at most d(Nk¯), the subgroups H and H
′
are conjugate over this field K. Clearly, Nk¯ depends (up to isomorphism)
only on Gk¯ and c. 
2.2. We show that, in order to prove Theorem 0.5, it suffices to prove The-
orem 0.6. Indeed, by Corollary 0.2, the set CR of G(R)-conjugacy classes of
semisimple subgroups of GR is finite. Therefore, it suffices to show that, if
H,H ′ ⊂ G are two semisimple k-subgroups of G in a given G(R)-conjugacy
class c ∈ CR, then they are conjugate over a finite real extension K of k of
degree at most dR,c, where dR,c depends only on GC and c.
As above, starting from two semisimple k-subgroups H,H ′ ⊂ G that are
conjugate over R, we obtain a cohomology class
ξ ∈ ker[H1(k,N)→ H1(R, N)],
where N = NG(H). By Theorem 0.6, the class ξ can be killed by a finite real
extension K/k of degree at most dR(NC). Then the subgroups H and H
′
are conjugate over this field K. Clearly, NC depends (up to isomorphism)
only on GC and the conjugacy class of H over C. 
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3. Taking quotient by a unipotent normal subgroup
In this section k is a field of characteristic 0. We shall need the following
result of Sansuc:
Proposition 3.1 ([Sa81], Lemma 1.13). Let G be an algebraic group over a
field k of characteristic 0, and let U ⊂ G be a unipotent k-subgroup. Assume
that U is normal in G. Then the canonical map H1(k,G)→ H1(k,G/U) is
bijective.
Sansuc assumes that G is connected, but his proof does not use this
assumption. As Sansuc’s proof is concise, we provide a more detailed proof.
We need a lemma.
Lemma 3.2 (well-known). Let U be a commutative unipotent algebraic
group over a field k of characteristic 0. Then:
(i) U ≃ Gda,k, where Ga,k is the additive group and d ≥ 0 is an integer
(the dimension of U).
(ii) Any twisted form of U is isomorphic to U .
(iii) Hn(k, U) = 0 for all n ≥ 1.
Proof. For (i) see, for instance, Milne [Mi17, Corollary 14.33]. Any twisted
form of U = Gda,k is again a commutative unipotent k-group of the same
dimension d, and by (i) it is isomorphic to Gda,k, whence (ii). By Serre
[Se-LF], X.1, Proposition 1, we have Hn(k,Ga,k) = 0 for all n ≥ 1, and (iii)
follows. 
3.3. Proof of Proposition 3.1. We prove the proposition by induction on the
dimension of U . We may and shall assume that U 6= {1}. Let Z = Z(U)
denote the center of U . Then Z 6= 1 because U is nilpotent. Clearly, Z
is a commutative unipotent group. By Lemma 3.2(i) we have dimZ > 0.
Since Z is a characteristic subgroup of U , we see that Z is normal in G. Set
U ′ = U/Z and G′ = G/Z. Then U ′ is a normal unipotent subgroup of G′
and dim U ′ < dim U . We factorize the canonical homomorphism G→ G/U
as
G
p
−−→ G′
q
−−→ G′/U ′ = G/U.
We obtain a factorization of the canonical map H1(k,G)→ H1(k,G/U) as
H1(k,G)
p∗
−−→ H1(k,G′)
q∗
−−→ H1(k,G′/U ′) = H1(k,G/U).
Since dimU ′ < dimU , by the induction hypothesis the map q∗ is bijective.
It remains to show that the map p∗ is bijective.
Consider the short exact sequence of k-groups
1−→ Z
i
−−→ G
p
−−→ G/Z −→ 1
and the induced cohomology exact sequence
H1(k, Z)
i∗−−→ H1(k,G)
p∗
−−→ H1(k,G/Z).
Since by Lemma 3.2 we have H1(k, cZ) = 0 and H
2(k, cZ) = 0 for any
cocycle c ∈ Z1(k,G/Z), by Serre [Se-GC], I.5.5, Corollary 2 of Proposition
39, and I.5.6, Corollary of Proposition 41, the map p∗ is bijective, which
completes the proof of the proposition. 
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4. Killing a first cohomology class over an arbitrary field
of characteristic 0
In this section we prove Theorem 0.4, which we state here in a more
precise form.
Theorem 4.1. Let k¯ be an algebraically closed field of characteristic 0. Let
G be a linear algebraic group over k¯. Then there exists a natural number
d = d(G) with the following property:
(∗). For any subfield k ⊂ k¯ such that k¯ is an algebraic closure of k, for any
k-form G of G, and for any cohomology class ξ ∈ H1(k,G), the class ξ can
be killed by a finite field extension K/k of degree at most d.
First, we prove Theorem 4.1 for finite groups.
Lemma 4.2. Let G be a finite k¯-group. Then G satisfies (∗) with d = |G|.
Proof. Let G be a k-form of G. A cohomology class ξ ∈ H1(k,G) defines
a torsor T = Tξ of G. By definition, we have |T (k¯)| = |G|. For any point
t ∈ T (k¯), the Gal(k¯/k)-orbit of t has cardinality at most |G|, hence, t is
defined over a finite extension of k in k¯ of degree at most |G|. Since this
extension kills ξ, the proof is complete. 
In what follows, we shall need two known results.
Proposition 4.3 (Minkowski, cf. Friedland [Fr97]). For any natural number
r, there is a constant β = β(r) > 0 such that every finite subgroup of GLr(Z)
has cardinality at most β.
Proposition 4.4 (Lucchini Arteche [LA15], Corollary 18). Let k be a field
of characteristic 0. Let G be a linear algebraic k-group with reductive identity
component. Let T be a maximal k-torus in the identity component G0 of G,
and letW = NG(T )/T , which is a finite group. We write r for the dimension
of T , and write w for the order of W . Let L/k be a field extension splitting
T whose degree we denote by dT . Then there exists a finite k-subgroup H of
G of order at most w2r+1d2rT with the property
(SUR). For every field K ⊃ k, the natural map H1(K,H) → H1(K,G) is
surjective.
Corollary 4.5. Let k¯ be an algebraically closed field of characteristic 0, and
let G be a linear algebraic group over k with reductive identity component.
Let k ⊂ k¯ be a subfield. Then there exists a positive integer γ(G) depending
only on G such that, for any k-form G of G there exists a finite k-subgroup
H of G of order at most γ(G) with the property (SUR) of Proposition 4.4.
Proof. In Proposition 4.4 we may take for L the minimal splitting field of
the maximal k-torus T . Then the Galois group Gal(L/k) acts faithfully on
the character group X∗(T ) ≃ Zr, and hence,
dT = [L : k] = #Gal(L/k) ≤ β(r),
cf. Proposition 4.3. Clearly, r and w in Proposition 4.4 depend only on G,
and we may take γ(G) = w2r+1β(r)2r. 
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4.6. Reduction of Theorem 4.1 to the case when G
0
is reductive. Let G
be a k-form of G. Consider the normal unipotent subgroup Ru(G
0) ⊂ G,
where 0 denotes the identity component and Ru denotes the unipotent rad-
ical. Write Gred = G/Ru(G
0). Similarly, write G
red
= G/Ru(G
0
). It is
clear that the identity component of G
red
is reductive and that Gred is a
k-form of G
red
. Let π : G→ Gred denote the canonical surjective homomor-
phism. By Proposition 3.1, for any field extension K/k, the canonical map
π∗ : H
1(K,G) → H1(K,Gred) is bijective. We see that for any ξ ∈ H1(k,G),
an extension K/k kills ξ if and only if it kills π∗(ξ). We conclude that if
Theorem 4.1 is true for G
red
with bound d(G
red
), then this theorem is also
true for G with the same bound d(G) = d(G
red
).
4.7. Proof of Theorem 4.1. By 4.6 we may assume that G
0
is reductive. Let
H ⊂ G be as in Proposition 4.4 (due to Lucchini Arteche). By Corollary 4.5
we may assume that the order of H is at most γ(G). Let ξ ∈ H1(k,G). From
the property (SUR) of H, we know that ξ is the image of some cohomology
class ξH ∈ H
1(k,H). By Lemma 4.2, the class ξH , and hence ξ, can be
killed by a finite field extension of degree at most d(H) = |H| ≤ γ(G). This
completes the proof of Theorem 4.1 with the bound d(G) = γ(G
red
), and
thus completes the proofs of Theorems 0.4 and 0.3. 
5. Real approximation for homogeneous spaces
In this section we prove the following theorem, which was communicated
to us by an anonymous referee.
Theorem 5.1. Let G be a connected linear algebraic group over a number
field k, and consider the homogeneous space Y = G/C, where C ⊂ G is a
cyclic finite k-subgroup. Then Y has the real approximation property, that
is, for any set S of archimedean places of k, the set Y (k) is dense in∏
v∈S Y (kv). In particular, if k ⊂ R is a real number field, then Y (k) is
dense in Y (R).
Let k be a field of characteristic 0. We refer to Colliot-The´le`ne [CT08],
Definition 2.1 and Proposition 2.2, for the definition of a quasi-trivial k-
group.
Lemma 5.2 (Colliot-The´le`ne). Let G be a connected linear algebraic group
over a field k of characteristic 0. Then there exists a short exact sequence
of k-groups
1−→ Z ′−→ G′
ν
−−−→ G−→ 1
where G′ is a quasi-trivial k-group and Z ′ is a k-group of multiplicative type
contained in the center of G′.
Proof. See Colliot-The´le`ne [CT08], Proposition-Definition 3.1, or [Bo11],
Proposition 2.8. 
Proposition 5.3. Let G be a connected linear algebraic group over a field
k of characteristic 0, and let C ⊂ G be a cyclic finite k-subgroup. Then
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there exists an isomorphism of k-varieties G′/H ′
∼
→ G/C, where G′ is a
quasi-trivial k-group and H ′ ⊂ G′ is an abelian k-subgroup.
Proof. Consider the short exact sequence of Lemma 5.2, and set H ′ =
ν−1(C) ⊂ G′. Clearly, we have G/C = G′/H ′. The k-subgroup H ′ fits
into a short exact sequence
1→ Z ′ → H ′ → C → 1,
where C is cyclic and Z ′ is central in H ′. By Lemma 5.4 below, the group
H ′ is abelian. 
Lemma 5.4 (well-known and very easy). Let an abstract group H be a
central extension of a cyclic group, that is, we assume that H fits into a
short exact sequence
1→ A→H → C → 1,
where C is a cyclic group and A is contained in the center of H. Then H
is abelian. 
5.5. Proof of Theorem 5.1. By Proposition 5.3 we have Y = G′/H ′, where
G′ is a quasi-trivial k-group and H ′ ⊂ G′ is an abelian k-subgroup. By
[Bo11], Corollary 2.3, any k-variety of the form G′/H ′, where G′ is a quasi-
trivial k-group and H ′ ⊂ G′ is an abelian k-subgroup, has the real approxi-
mation property. 
6. Killing a first cohomology class over a real number field
In this section we prove Theorem 0.6, which we state here in a more
precise form.
Theorem 6.1. Let GC be a linear algebraic group over the field of complex
numbers C. Then there exists a natural number dR = dR(GC) with the
following property:
(∗R). For any real number field k ⊂ R, any k-form G of GC, and any
cohomology class ξ ∈ H1(k,G) becoming 1 over R, the class ξ can be killed
by a finite real extension K/k of degree at most dR.
In order to prove Theorem 6.1, we shall need the following elementary
lemma:
Lemma 6.2. Let k ⊂ R be a real number field and let L ⊂ C be a finite
normal field extension of k. Set K = L ∩ R. Then [L : K] ≤ 2.
Proof. If L = K, there is nothing to prove, so we assume that L 6= K.
Write σ : C → C for the complex conjugation. Then σ(k) = k, because
k ⊂ R. Since L is a normal extension of k, we see that σ(L) = L. Let
x ∈ L r K, and set p = (x + σ(x))/2, q = x · σ(x). Then p, q ∈ K
and x2 − 2px + q = 0. Set D = p2 − q ∈ K ⊂ R. Then x = p + ζ,
where ζ2 = D. Since x ∈ L r K ⊂ C r R, we have D < 0. Clearly,
K(x) = K(ζ). If x′ ∈ LrK is another element, then similarly x′ ∈ K(ζ ′),
where (ζ ′)2 = D′ < 0. Then (ζ ′/ζ)2 = D′/D > 0, hence ζ ′/ζ ∈ L ∩ R = K,
and therefore, x′ ∈ K(ζ). Thus L = K(ζ) and [L : K] = 2. 
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We shall need a lemma and a corollary:
Lemma 6.3. Let X be a finite variety over a real number field k ⊂ R. Let
x ∈ X(R) be an R-point. Then x is defined over a real number field kx ⊂ R
whose degree over k is at most |XC|, where we write |XC| for |X(C)|.
Proof. Since X is finite, we have X(C) = X(k¯), where k¯ = Q denotes
the algebraic closure of k in C. The Galois group Gal(k¯/k) acts on X(k¯).
The point x is defined over the fixed field kx ⊂ R of the stabilizer of x in
Gal(k¯/k). Since the cardinality of the orbit of x under Gal(k¯/k) is at most
|X(k¯)| = |XC|, we see that [kx : k] ≤ |XC|. 
Corollary 6.4. Let GC be a finite group over C. Then GC satisfies (∗R)
with dR = |GC|.
Proof. Let k ⊂ R be a real number field, let G be a k-form of GC, and let
ξ ∈ H1(k,G) be a cohomology class becoming 1 over R. Then ξ defines a
k-torsor T = Tξ of G such that T (R) is nonempty. Let t ∈ T (R). By Lemma
6.3 the torsor T has a kt-point over a real number field kt ⊂ R whose degree
over k is at most |TC| = |GC|. The extension kt/k kills ξ, as required. 
Now we reduce Theorem 6.1 to the case when GC is connected.
Lemma 6.5. Assume that Theorem 6.1 is true for connected linear algebraic
groups, and let GC be any linear algebraic group over C (not necessarily
connected). Then GC satisfies (∗R) with
dR = dR(G
0
C) · |GC/G
0
C|
2.
Proof. Let k ⊂ R be a real number field, let G be a k-form of GC, and let
ξ ∈ H1(k,G) be a cohomology class becoming 1 over R. From the short
exact sequence
1 −→ G0 −→ G −→ G/G0 −→ 1
we obtain a commutative diagram (of pointed sets) with exact rows:
(G/G0)(k)
δ
//

H1(k,G0)
ϕ
//
locR

H1(k,G)
ψ
//
locR

H1(k,G/G0)
locR

(G/G0)(R)
δR
// H1(R, G0)
ϕR
// H1(R, G)
ψR
// H1(R, G/G0).
By Lemma 6.4, after possibly replacing k by a real extension of degree at
most |GC/G
0
C|, we may and shall assume that ψ(ξ) = 1, and hence, ξ = ϕ(ξ0)
for some ξ0 ∈ H
1(k,G0). By assumption, the class (ξ0)R := locR(ξ0) ∈
H1(R, G0) maps to 1 ∈ H1(R, G). It follows that (ξ0)R = δR(g) for some g ∈
(G/G0)(R). By Lemma 6.3, after possibly replacing k by a real extension of
degree at most |GC/G
0
C|, we may and shall assume that g ∈ (G/G
0)(k). By
Serre [Se-GC], I.5.5, Proposition 39(ii), the class ξ′0 := ξ0 ∗ g
−1 ∈ H1(k,G0)
maps to ξ under ϕ and becomes 1 over R. By assumption, ξ′0 can be killed
by a real extension K/k of degree at most dR(G
0
C). Clearly, K also kills ξ,
which completes the proof. 
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6.6. Next we reduce Theorem 6.1 to the case when GC is reductive. Let GC
be a connected linear C-group. We write Ru(GC) for the unipotent radical
of GC , and we write G
red
C = GC/Ru(GC), which is a connected reductive
C-group. Assume that Theorem 6.1 is true for GredC . An argument similar
to that of Subsection 4.6 shows that then Theorem 6.1 is also true for GC
with the same bound
dR(GC) = dR(G
red
C ).
6.7. Proof of Theorem 6.1. We have seen that it suffices to prove the theorem
for a connected reductive C-group. Let GC be such a C-group, and let G
be a k-form of GC. Let ξG ∈ H
1(k,G) be a cohomology class such that
locR(ξG) = 1. By Corollary 4.5, there exists a finite k-subgroup H ⊂ G of
order at most γ(GC) such that ξG is the image of some cohomology class
ξH ∈ H
1(k,H). Then by Lemma 4.2, the class ξH can be killed by a finite
field extension M/k in C (not necessarily real, not necessarily normal) of
degree at most |H| ≤ γ(GC). Then ξH will be killed by the normal closure
L of M over k (which is contained in C and normal over k) of degree at
most γ(GC)! over k. Note that L might not be real.
Set K = L ∩ R. Then
[K : k] ≤ [L : k] ≤ γ(GC)!.
If K = L, then K/k is a real field extension of degree at most γ(GC)! killing
ξH and ξG , as required. Otherwise, by Lemma 6.2 we have [L : K] = 2. Set
Γ = Gal(L/K). Then Γ = {1, s}, where s2 = 1. Consider the restriction
ξ
(K)
H = ResK(ξH) ∈ H
1(K,H). Since the Galois extension L/K kills ξ
(K)
H ,
by the nonabelian inflation-restriction exact sequence (see Serre [Se-GC],
I.5.8(a)), the class ξ
(K)
H comes from some class η
(L/K) ∈ H1(L/K,H(L)).
Let a = a(L/K) : Γ→ H(L) be a cocycle representing η(L/K). Then a1 = 1H
and as ·
sas = 1H . Let C denote the cyclic subgroup of HL generated by as.
Since sas = a
−1
s ∈ C(L), we see that the L-subgroup C of H is Γ-stable, and
hence, is defined over K. We regard a(L/K) as an element of Z1(L/K,C(L)),
and we write α(L/K) for the class of a(L/K) in H1(L/K,C(L)). Furthermore,
we write α for the image of α(L/K) in H1(K,C). Then the image of α in
H1(K,H) is ξ
(K)
H and hence, the image of α in H
1(K,G) is ResK(ξG). It
follows that the image of α in H1(R, G) is 1. We wish to kill the image
ResK(ξG) of α in H
1(K,G) by a real extension of bounded degree.
We consider the homogeneous space Y := GK/C and the commutative
diagram of pointed sets
1 // Y (K)/GK(K)
δ
//
locR

H1(K,C)
i∗
//
locR

H1(K,GK)
locR

1 // Y (R)/G(R)
δR
// H1(R, C)
i∗
// H1(R, G),
where GK(K) = G(K) and H
1(K,GK ) = H
1(K,G). By Serre [Se-GC],
I.5.5, Corollary 1 of Proposition 36, the rows of this diagram are exact.
Recall that α ∈ H1(K,C). Consider the localization locR(α) ∈ H
1(R, C).
Then i∗(locR(α)) = 1 ∈ H
1(R, G), and hence, locR(α) = δR(oR) for some
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orbit oR of G(R) in Y (R). SinceGK is connected and C is cyclic, by Theorem
5.1 the set of K-points Y (K) is dense in Y (R). Since oR is open in Y (R),
we see that oR contains a K-rational point y ∈ Y (K) ∩ oR. Let
o = G(K) · y ∈ Y (K)/G(K)
denote the G(K)-orbit of y in Y (K). Then locR(o) = oR and hence,
locR(δ(o)) = δR(oR) = locR(α) ∈ H
1(R, C).
The K-group C is cyclic, hence abelian, and therefore, H1(K,C) is natu-
rally an abelian group, which we shall write additively. Consider α− δ(o) ∈
H1(K,C). Then
locR(α− δ(o)) = 0 ∈ H
1(R, C).
By Corollary 6.4, the cohomology class α − δ(o) can be killed by a real
extension K ′ of K of degree at most |C| ≤ |H| ≤ γ(GC). This means that
over K ′, if we write α′ = ResK ′(α) ∈ H
1(K ′, C), then we have α′ = δ(o′) ∈
H1(K ′, C) for the G(K ′)-orbit o′ = G(K ′) · y ∈ Y (K ′)/G(K ′). It follows
that
i∗(α
′) = 1 ∈ H1(K ′, G).
Thus we have killed ResK(ξG) = i∗(α) by a real extension K
′ of K of degree
at most γ(GC), and we have killed ξG by a real extension K
′ of k of degree
at most γ(GC)! · γ(GC). This completes the proof of Theorem 6.1 with the
bound dR(GC) = |GC/G
0
C|
2 · γ((G0C)
red)! · γ((G0C)
red), and thus completes
the proofs of Theorems 0.6 and 0.5 and of Corollary 0.8. 
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